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I estimate a return distribution of an equity index from equity index option
prices. I evaluate nonparametrically the option price function and a state price
density at each 1-year return. Based on a model for dynamics of consumption
growth and dividend growth, a real-world probability density of the index re-
turn is measured, resulting in both a high expected return of the index and a
low riskless rate. The nonparametric SPD and the real-world density show fat-
ter negative tails than the lognormal models of the Black-Sholes models have,
implying the existence of disasters in the return process.
11. Introduction
The equity premium puzzle has been analyzed by a number of perspectives. One
paradigm used to explain this problem in representative agent models is the hypothesis
of the existence of rare events — infrequent large declines of aggregate output and
consumption. In this framework, precise estimation of the distribution of equity
returns is important, but this is diﬃcult to obtain reliably from the short history of
US economy.
Backus, Chernov, and Martin (2009) have suggested that equity index options
provide useful information about the return distribution of the underlying asset, as the
option prices are aﬀected by market participants’ valuation of extreme events. They
modeled both consumption growth and equity return as a sum of a normal random
component and a disaster component - the number of large declines of returns follows
a Poisson distribution with and an intensity of a decline a normal distrubution. In
this setting, a pricing kernel was derived analytically and the entropy of the kernel was
investigated, with the entropy being an upper bound of the expected equity premium
according to Alvarez and Jermann (2005). The estimation results of consumption
growth and return distribution are shown to produce higher entropy of the pricing
kernel than standard normal processes. As a result, the Alvarez and Jermann bound
is able to rationalize the observed equity premium with a risk aversion parameter of
less than 10.
This study is focused on the return distribution implied by option prices in a
more general setting, in the following two ways. First, the methodology is free from
the distribution assumption used by Backus, Chernov, and Martin (2009), in which
a disaster component was represented by a Poisson-normal mixture. Speciﬁcally, I
estimate the distribution nonparametrically using kernel smoothing. In their work,
the researchers also relied on a tight relationship between equity return and consump-
tion growth to calculate the pricing kernel, under the assumption that consumption
growth is a constant fraction of the market return. In order for this study to reﬂect
the observed dynamics of the two processes, I will model the processes to include
separate shocks and one common component, as done in Bansal and Yaron (2004).
In order to estimate the return distribution, a state-price density (SPD) of each
state x — a price of Arrow-Debreu security which pays one dollar if the state falls
between x and x + dx — is evaluated based on the methodology of Ait-Sahalia and
2Lo (1998) and Ait-Sahalia and Duarte (2003). First, an option pricing formula is
estimated nonparametrically using locally linear kernel smoothing. Then, the SPD
can be calculated by diﬀerentiating the option pricing formula twice with respect to
strike price (Breeden and Litzenberger (1978)). In the nonparametric estimation, a
restriction on the shape of the option pricing function by a theory such as monotonic-
ity and convexity should be considered, and I follow the procedure of Ait-Sahalia and
Duarte (2003) to reﬂect this property. Based on the estimated state-price density
along with a speciﬁcation of the pricing kernel, my model is able to extract real-world
return distribution, as the price of Arrow-Debreu security is a product of the pricing
kernel and a probability of the state. Ultimately, I determine whether the observed
high equity premium can be rationalized if I use the assessed version of equity return
distribution by the option market participants.
In section 2, I explain the nonparametric estimation of SPD with consideration of
constraints imposed by the theory on the shape of the option pricing function. Sec-
tion 3 shows the dynamics of consumption growth and dividend growth introduced by
Bansal and Yaron (2004) and describes an equation which relates the pricing kernel
and equity return under this dynamics along with the Epstein and Zin (1989) and
Weil (1989) recursive preference for a representative agent. Section 4 demonstrates
an application to S&P 500 index options and the estimated return distribution of the
index from the option prices. Section 5 concludes the paper.
2. Nonparmetric estimation of SPDs
Backus, Chernov, and Martin (2009) assumed that an equity return process has
two components to explain the observed equity premium, one normal component and
one Poisson jump disaster. However, depending on the speciﬁc parametric assumption
may result in a speciﬁcation error in estimating the return distribution, leading to
a biased equity premium. In contrast, a nonparametric estimation of the return
distribution can yield results that are robust to such vulnerabilities from speciﬁcation
errors.
Ait-Sahalia and Lo (1998) have suggested that SPDs, prices of Arrow-Debreu
3securities, can be estimated nonparametrically from prices of derivative securities.
They starts from the study of Breeden and Litzenberger (1978), which showed that
the SPD of the state when a stock price is ST at date T ≡ t + τ, is related to the





In order to use this relationship, they ﬁrst estimated the option pricing formula non-
parametrically as a function of date-t stock price St, time to maturity τ, strike price
X, riskless interest rate rt,τ, and dividend yield δt,τ. They then diﬀerentiated this
estimator twice with respect to strike price to obtain the SPD implied by the option
prices.
The basic idea of nonparametric estimation of H is simple: given a set of ob-
servations of {Hi}i=1...N and {Zi}i=1...N ≡ {[SiXiτirti,τiδti,τi]}i=1...N, seek a function
H(Z) that comes as close to {Hi}i=1...N as possible. To be speciﬁc, I use locally
linear smoothing where a function value around a ﬁxed point x ≡ [SXτrt,τδt,τ] is
approximated by a linear function
H(zi) ≈ β0(x) + β1(x)(zi − x). (2)
When I estimate parameters β0(x) and β1(x) by regression, the local nature of this
representation should be considered, so more weights need to be put on the points
close to x. One way to achieve this is to introduce a kernel function K(.) with
bandwidth h and to use as weights Kh(xi − x) ≡
K((xi−x)/h)
h (In this study, the
Gaussian kernel k(z) = 1 √
2πe−z2/2 will be used). Then the optimal values of coeﬃcients
at x are
ˆ βk(x) = argmin
N X
i=1
{Hi − β0(x) − β1(x)(zi − x)}
2 Kh(zi − x). (3)
where the Kernel Kh(.) is formed by a product of ﬁve univariate kernels:











































jHiKh(zi − x). (6)
A. Bandwidth selection
A bandwidth in kernel smoothing determines how to place weights on observations
in estimating parameters at a given point x. The smaller the value is, the narrower
the neighborhood of observations to x which is signiﬁcantly taken into account for the
calculation, resulting in more peacked shape of the function to be estimated. Hence,
the bandwidth selection is important to prevent severe over or undersmoothing, which
worsens the problem when calculating derivatives of the function. Ait-Sahalia and
and Lo (1998) reports that their SPD estimation result is more sensitive to the choice
of the bandwidth than of the the kernel function.
In this study, I use the bandwidth formular of them. For each regressor Zi,
hj = cjσ(Zj)n
−1/(d+2pj) (7)
where cj is a constant, σ(.) the standard deviation of the regressor, n the number
of observations, d the number of regressors, and pj the assumed number of partial
derivatives of the true function with repsect to regressor Zi. With respect to cj, it
cjcan be selected by cross validation according to Tapia (1978) to exclude an arbi-
trariness in the slecltion. However, due to limit of computing resources, I heuristically
set cj to be 2.0 for all j, after checking the resuling option price functions with various
cjvalues.
5B. Constraint on the shape of option pricing functions
No matter what pricing model is used for the options, the no-arbitrage argument
imposes a restriction on the shape of call option pricing functions: these must be
represented as non-increasing and convex functions of the strike price. Given the




max(ST − X,0)SPD(ST)dST. (8)






SPD(ST)dST ≤ 0. (9)
with the last inequality coming from the non-negativeness of the SPD based on the
no-arbitrage argument. In addition,
´ ∞








According to Breeden and Ritzenberger (1978), the second derivative of the pricing
function is SPD, meaning the second derivative is also non-negative, which implies
convexity of the pricing function.
Performing nonparametric estimation without taking these constraints into ac-
count could yield a pricing function which violates the theory-implied properties.
Ait-Sahalia and Duarte (2003) have proposed an improved estimation of the pricing
function in response to this problem. First, they reﬁned observation values of call



















for all i = 1,...,N − 2. (12)
6Next, they estimated locally linear smoothing parameters βk(x) using the reﬁned op-
tions prices yi and showed that the derivative of β1(x) with respect to X is a better
estimator of SPD than other candidates since it never violates the no-arbitrage re-
strictions in their sample. This study will follow this procedure to estimate the SPD.
3. Conversion of SPD into return distribution
In order to compare the equity premium implied by the option prices and the
observed premium, I need to calculate the real-world probability of state x, p(x),
using the estimated SPD. The pricing kernel in representative agent models is a key
in the conversion, as the kernel relates these two probability measures1 by:
SPD(x) = M(x)p(x). (13)
In formulating the pricing kernel, Backus, Chernov, and Martin (2009) have as-
sumed a power utility for a representative agent’s preference and a linear relation
between the log consumption growth and log return of equity. Even though the lin-
earity assumption makes it convenient to develop further analysis, this framework is
too restrictive to reﬂect observed dynamics of the consumption growth and the equity
return. Hence, this restrictive assumption may lead to misspeciﬁcation of the pricing
kernels.
In this study, a representative agent with the recursive preference givven by Ep-








a,t+1 Ri,t+1] = 1 (14)
with the log of pricing kernel
mt+1 = θlogδ −
θ
ψ
gt+1 + (θ − 1)ra,t+1. (15)
In order to specify the dynamics of consumption growth and equity return, I employ
the long run risk model of Bansal and Yaron (2004) where the consumption growth
1The SPD can be understood as an unnormalized risk neutral probability
7gt+1 and the dividend growth gd,t+1 have a common predictable component xt, which
determines the conditional expectation of consumption growth,
xt+1 = ρxt + ϕeρet+1
gt+1 = µ + xt + σηt+1
gd,t+1 = µd + φxt + ϕdσut+1 (16)
et+1,ηt+1,ut+1 ∼ i.i.d.(0,1)
with the three shocks being mutually independent. Note that the normality of three
shocks in the original model is not supposed in this study to allow either consumption
growth or asset return not to be distributed log-normally and to possibly contain
disaster components. By the approximation utilized in Campbell and Shiller (1988),
return on a claim to aggregate consumption Ra,t+1is
ra,t+1 = κ0 + κ1zt+1 − zt + gt+1 (17)
where thelowercase letters refers to the logs, zt=log Pt
Ct is a log price-consumption ratio,
and κ0and κ1are approximating constants. A similar relationship holds between the
log return of market portfolio rm,t+1, zm,t = log
Pt
Dt and dividend growth. Using
these equations, I approximate the Euler equation with the second-order Taylor’s
expansion, which leads to the solution of ztand zm,t as zt = A0 + A1xt and zm,t =
Am,0+Am,1xt. The solution coeﬃcients A1and Am,1are the same in Bansal and Yaron
(2004)’s original model, which will be shown in the appendix.
By exploiting the above equations, I can represent both the log of pricing ker-
nel and the log return of the market portfolio as linear functions of the long-term
8component xtand error shocks
mt+1 = θlogδ −
θ
ψ











ηt+1 + (θ − 1)κ1A1ϕeet+1
￿
(18)





+σ[κm,1Am,1ϕeet+1 + ϕdut+1]. (19)
Adding the above two equations results in
mt+1 = θlogδ −
θ
ψ
µ + (θ − 1)(κ0 + (κ1 − 1)A0 + mu)








ηt+1 + ϕdut+1 + ((θ − 1)κ1A1ϕe + κm,1Am,1ϕe)et+1
￿




With the pricing kernel as a function of the log return of market portfolio, the conver-
sion of SPD into real-world probability is now possible to implement. If I can assume
that p(ri) > 0 and SPD(ri) > 0 for all ri, then,
log (SPD(ri)) = m(ri,￿) + log (p(ri))
= C0 + ￿ − ri + log (p(ri))
￿ = log (SPD(ri)) − C0 + ri − log (p(ri))
(21)
Suppose that the optimized set of real-world probabilities have a minimum value of
9the sum of squared errors, then,








{log (SPD(ri)) − C0 + ri − log (p(ri))}
2
(22)
If the all T terms in brackets {} are zero, then the objective function has the minimum
value. Therefore,
log d p(ri) = logSPD(ri) − C0 + ri
d p(ri) = SPD(ri)e
ri−C0.
(23)
As a result, the real-world probability of market return ri at date T can be evaluated
from the nonprametrically estimated SPD.
4. Estimating equity return distribution from S&P 500 options data
I present an application of estimating the return distribution of S&P 500 index
using S&P 500 index option data obtained from the OptionMetrics for the sample
period November 1, 2009 to October 30, 2009.
A. The Data
Table 1 describes the main features of the data set. I take the average of the
highest bid and the lowest ask prices to produce the price of options. From the
beginning sample of call and put options with a maturity 1 to 500 days, the options
with trading volume of less than 100 units are excluded to refelct better reliability
of price quotes. Note that it is desirable in nonparametric estimation to have a large
number of observations and a wide range of observation values for an explanatory
variable. However, there are not enough price quotes for deep in-the-money call
options (with strike price far less than current index). Becuase of this I evaluate the
10Table 1: Summary Statistics
Summary statstistics for the ﬁnal sample of daily call option prices on the S&P 500
index during the period of November 1,2008 to October 31,2009. H denotes the call option
price, S the current index, X the strike price, τ the timte to maturity, and r the riskless
rate.
Variable Mean Std.Dev. Min Max
H($) 107.24 122.44 0.03 879.45
S(index points) 915.06 98.11 676.53 1097.91
X(index points) 866.48 193.18 200 2500
τ(days) 71.92 86.81 1 500
r(%) 0.10 0.06 −0.01 0.29
prices of such call options indirectly from the prices G(.) of put options that have the
same strike price and maturity, using the put-call parity relation:
H(St,X,τ,rt,τ,δt,τ) + Xe
−rt,ττ = G(St,X,τ,rt,τ,δt,τ) + Ste
−δt,ττ. (24)
Here rises another issue: how can we determine the future rate of the index’s dividend?
I address this problem by using the put-call parity together with the observed prices
of a pair of calls and puts with the same strike price and maturity. Usually, options
close to at-the-money are frequently traded for both call and put types, therefore I
solve the dividend rate at each date t and maturity τ with which the market prices of
a pair of call and put that have the largest trading volume satisfy the put-call parity.
Finally, after completing these steps, 40784 observations of call prices are obtained.
B. Nonparametric S&P 500 index option prices and SPDs
Figure 1.a shows the nonparametric option prices with St = 1066.1, τ = 365 days,
r = 0.02%, and δt,τ = 1.52% (St,r, and δt,τ are the last observations of the sample)
, compared to Black-Sholes prices. In ﬁgure 1.b, the nonparametric SPDs of 1 year
11Figure 1: Call option prices and SPDs from nonparametric estimation and
the Black Sholes model
a. Call option prices
















































12Table 2: Moments of return densities
Moments of nonparametric and Black-Sholes densities of the τ-period log return of
S%P 500 index
Estimators Mean Variance Skewness Kurtosis
Nonparametric -0.0737 0.1473 -0.0191 0.0499
Black-Sholes -0.0417 0.0529 0.0000 0.0084
return are overlaid with the corresponding SPDs under the Black-Sholes model, i.e.
gaussian distribution. Since a risk neutral probability is proportional to a SPD, I
can infer the risk neutral distribution of the index return : It has a fatter negative
tail than the Black-Sholes model expects, which implies the existence of disasters in
the index return. Table 2 quantiﬁes the diﬀerences between the nonparametric and
the Black-Sholes return densities, and the nonparametric estimates has a negative
skewness, compared to 0 in the Black-Sholes model.
C. Real-world distribution of S&P 500 index return
Based on the result of section 3, the real-world distribution of S&P 500 index
return can be estimated. The equation (23) converts the estimated SPD at each index
return into real-world probability. For parameters in the preference and the dynamics
of consumption growth and dividend growth, I use the calibrated values in Bansal
and Yaron (2004). Figure 2 compares the real-world probability of each log return
with the risk neutral one, and the risk neutral is higher than the real-world when
log(X
S ) < 0. This implies that the agent values more on an Arrow-Debreu security
which pays when a market performance is poor, demonstrating the risk-aversion of
the agent.
With the estimated return distribution, the expected return of the index and the
implied riskless rate, 1
E[M], can be evaluated: 12.61% and 0.43% respectively. Ad-
mittedly, the estimated distribution may not be able to explain the return behavior
throughout an entire histroy of the index, since it is evaluated from recent 1-year long
13Figure 2: Real-world and risk neutral probability density of S&P 500 index
return


























14observations of option prices. However, the result of both a high expected return of
the index and a low riskless rate suggests that this methdology can be employed to
address the equity premium puzzle.
5. Conclusion
In this paper, I propose a nonparametric estimation of an equity return distri-
bution implied by prices of derivatives based on the equity. The methodology relies
on the relationship between state price densities and call option prices, and a spec-
iﬁcation of pricing kernel is also used to ﬁnally produce the real-world probability
density of the index return. Naturally, the estimator inherits general properties of a
nonpametric analysis : the approach is data intensive, but it is robust to speciﬁcation
errors. In particular, when the underlying disaster process in the return is not well
understood or at least, there is hardly a consensus on how to model it in a parametric
form, the estimation free from a parametric assumption is useful.
This method is applied to 1-year long observations of S&P 500 index options and
the nonparametric SPDs are shown to have a fatter negative tail than the Gaussian
distribution of the Black-Sholes model produces. Hence, the return process of the
index contains disasters in the sense that large declines in the return are more likely
than the lognormal model. After estimating SPDs, the real-world distribution of
the return is obtained with the pricing kernel explained in section 3. The estimated
distribution shows 12.61% of the expected return of the index and 0.43% of the riskless
rate.
This study can be extended to option prices in a longer observation period so that
it can be determined whether the observed risk premium in US history is explainable
with the return distribution implied by the option markets. While I assume the
stability of return distribution in this study, the possibility of changing distribution
over time needs to be considered, especially when the return behavior over such a
long horizon will be studied.
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16Appendix
In this section, I solve the coeﬃcients A0 and A1 of log price consumption ratio








gt+1 + (θ − 1)ra,t+1 + ra,t+1
￿￿
= 1. (25)
With the conjecture that zt = A0+A1xt and the approximation ra,t+1 = κ0+κ1zt+1−
zt + gt+1, the exponent of the Euler equation is

























≡ α0 + α1xt + α2ηt+1 + α3et+1.
If mt+1 +ra,t+1 is close to 0, I can approximate Euler equation with the second-order
Taylor expansion of the exponential function. I will show below that the approx-
imation is acceptable with the simulation, and for now assume that I can do the
approximation. Then the Euler equation is
1 = Et
￿

































3) = 0 .
Now I show that the above approximation is valid with the parameter values
calibrated in Bansal and Yaron (2004). Plugging those values produces α0 = −0.0215,
α1 = 0, α2 = −0.0702, α3 = −0.1287. I generate 10000 observations of random
variables ηt+1∼ normal(0,1) and et+1 ∼uniform( 0,2) — I assume it to be uniformly
17Figure 3: Ratio of approximation erros to function values


















































distributed to incorporate extreme cases of the disaster process — and compares
the true function value exp(mt+1 + ra,t+1) and its second order approximation 1 +
(mt+1 + ra,t+1)+ 1
2 (mt+1 + ra,t+1)
2. Figure 3 reports ratios of approximation errors to
function values. Since most of approximation errors are below 2 percent of function
values, I can employ the approximation.
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